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Abstract
What lies at the core of a neutron star is still a highly debated topic, with both the
composition and the physical interactions in question. In this thesis, we made
assumptions regarding the composition to further study the interactions of matter during
the transition phases. These phases, also known as nuclear pasta, come from the
unique physical conditions which occur within neutron stars. We examine the feasibility
of the Casimir effect manifesting during these phases, as well as the effects it would
have on the total energy of the system. We find that the crust-core transition cannot
support the proper conditions for the Casimir effect, and hope to show that the Casimir
effect can occur at the quark-hadron transition.

ii

Table of Contents

Chapter 1: Introduction

1

1.1. Neutron Stars …………………………………………...........

1

………………………………...

4

…………………………………………

5

1.2. The Neutron Star Core
1.3. The Casimir Effect
Chapter 2: Method
2.1. My Contribution

7
…………………………………………

7

………….……...………………

7

2.2. The Crust-Core Transition

…………………………

11

..………………………………………………..

13

2.3. The Quark-Hadron Transition
2.4. Observations
Chapter 3: Results
3.1. The Crust-Core Transition

16
…………………………………

16

Chapter 4: Conclusion

20

Bibliography

21

Vita

24

iii

List of Figures
…………………..................

3

Figure 1.2: Phase Transitions

………………………………………

4

III.

Figure 2.1: Wigner-Seitz Cell

………………………………………

9

IV.

Figure 2.2: Emissivity

V.

I.

Figure 1.1: Neutron Star Structure

II.

………………………………………………

14

Figure 3.1: Results for the 1-2 Transition

………………………

17

VI.

Figure 3.2: Results for the 2-3 Transition

………………………

17

VII.

Figure 3.3: Radii for d=3

………………………………………………

18

VIII.

Figure 3.4: Radii for d=2

………………………………………………

18

IX.

Figure 3.5: Radii for d=1

………………………………………………

19

iv

Chapter 1

Introduction

Neutron stars are a possible end to the life of a massive star; while long lived and
having been observed numerous times, the inner structure and the interactions are still
in question. This thesis focuses on the minimization of the total energy inside of the star,
as well as looking at the effects of the Casimir energy on the total energy. Along with
observing how the addition of a Casimir energy term effects the total energy, we look
into the conditions during the phase transitions to determine if they are capable of
meeting the necessary conditions for the Casimir effect.

1.1. Neutron Stars

A neutron star is the result of a massive star, 8-20 𝑀⊙ , becoming a Red Giant
then shedding its outer layers in a supernova explosion. Above 20 solar masses, the
resulting mass would have too much mass for a regenerative force to counteract the
gravitational pull; thus resulting in the formation of a black hole. Below 8 solar masses,
the resulting mass would not be able to contract down to the densities and size needed
to be a neutron star. The resulting compact star is approximately 10 km in radius and
1.4 times the mass of the sun. It is thought that all neutron stars have bright jet
structures, however, we can only detect the jets from certain cases, called pulsars due
to the observed pulsing nature of the signal. The jet structures emit large amounts of
energy and are a result the strong magnetic fields directing energy out of the poles of
the neutron star. Neutron stars tend to have large magnetic fields due to the magnetic
fields being condensed down to a smaller radius during the formation. Due to the
1

conservation of angular momentum, neutron stars have high rates of rotation resulting
from their decreased size. Over time the rate of rotation slows and the internal
temperature cools. The slow decay in the rotation can be caused by magnetic braking,
caused by the difference in rotation rates of the crust and core (Staff, 2012);
gravitational waves being emitted from the star (Staff, 2012); energy loss through
neutrino emission; or the emission of energy through the jet structure. If the neutron star
is in a binary system, it is possible for the neutron star to accrete matter off the
companion star. Through this accretion process, the mass of the neutron star can reach
the Chandrasekhar limit, the maximum mass allowed before the gravitational force
causes the neutron star to collapse and form a black hole.
Neutron stars have a solid crystalline crust, which transitions to a liquid core,
reaching densities up to 1015 𝑔 𝑐𝑚−3. Figure 1.1 is a diagram that shows that shows the
structure of a neutron star. An atmosphere can be seen above the crystalline crust in
the figure. This atmosphere can be comprised of hydrogen, helium, carbon, or a
combination of those elements. These are the remnants of the layers which were not
fully ejected. The crust is formed from the heavier elements, most commonly iron, found
at the core of the progenitor star. Toward the outside of the crust, the nuclei are held in
a crystalline structure mostly as a result of the density. As the density begins to
increase, moving deeper into the neutron star, a process known as neutron drip occurs.
Neutron drip is when inverse beta decay occurs due to protons and electrons being in
close proximity to one another.
𝑝+ + 𝑒 − → 𝑛 + 𝑣𝑒
As the energy levels available to neutrons fill, any electrons that enter the nucleus will
cause a neutron to be formed, or to “drip” out. As the Fermi momentum and Fermi
energy for the neutron continue to increase moving down through the crust, the energy
levels begin to drop further below the Fermi energy causing more neutrons to be
formed.

2

Figure 1.1: The structure of a neutron star (Danny Page UNAM)

Below the crust is the core which is split into two parts, the outer and inner core.
There are several theories surrounding the composition of the core, from solely baryonic
matter to quark matter. Neutron stars are neutral objects, meaning the total number of
positively charged particles had to equal the number of negatively charged particles
through over the entire phase transition. For this thesis, the assumption was made that
the outer core was made of liquid hadronic matter, specifically electrons; protons; and
neutrons, while the inner core was comprised solely out of liquid quark matter.
Due to the high densities, the conventional spherical drop model used for nuclear
matter becomes distorted along the transition from the crystalline structure of the
surface to the liquid core. These irregular shapes are known as nuclear pasta, as can
be seen in Figure 1.2. The pasta phases start at the base of the crust. These drops of
nuclear matter can begin to stretch and combine to form rod-like structures, also known
as spaghetti (Horowitz 2013). The rod-like structures are then able to coalesce into
3

plates (also known as lasagna). These plates can then merge trapping bubbles of
nuclear matter and quark matter. From here the transitions occur from the bubbles to
anti-lasagna, and finally to anti-spaghetti (Chamel 2008). The first transition occurs
between the crust and outer core.

Figure 1.2: An illustration of pasta
structures (Yasutake 2009).

1.2. Neutron Star Core

A secondary pasta phase can be found closer to the core, between the outer and
inner core, where there is a transition between hadronic matter and quark matter. These
pasta phases transition in the same manner as the crust-core pasta phases. Where in
the beginning there is just a liquid collection of neutrons, protons, and electrons. This
slowly gives way to droplets of quark matter. As the density increases, the radius of the
quark droplet begins to increase. This increase in radii precipitates the formation of rodlike structures, and eventually plate structures. After reaching the plate structure
(lasagna phase) the radius of the quark droplet over takes the radius of the nuclear
matter. Thus causing the phases to occur in the opposite order, till a pure quark state is

4

reached. This provides a secondary location to observe the Casimir effect inside a
neutron star.

1.3. Casimir Effect

The Casimir effect is an attractive force between two conducting, parallel plates
in close proximity to one another, caused by the vacuum energy from virtual photons,
where “a” is the plate separation and “A” is the area of the plates; where ℏ is the
reduced Planck’s constant and “c” is the speed of light (Casimir 1948).
𝐸
ℏ𝑐𝜋 2
=−
𝐴
720𝑎3
In normal metals the plasma frequency characterizes the conductivity of the medium,
helping to determine if the Casimir effect applies and providing an upper limit on the
allowed plasma frequencies. Below the plasma frequency, the metal is reflective
causing the wave functions to vanish at the boundaries of the plates. Above the plasma
frequency, the plates are transparent so the photons are not trapped; so the Casimir
effect does not apply. Another limit for the applicable frequencies is derived from the
photon wavelength. If the plate spacing is smaller than the wavelength of the photon,
then the photon cannot exist in the space.
Thus the Casimir energy is (Casimir 1948):
𝑛𝑚𝑎𝑥

𝐴𝑑𝑘𝑥 𝑑𝑘𝑦
< 𝐸 >= ℏ ∫
∑ 𝜔𝑛
4𝜋 2
𝑛=1

Where 𝑘𝑥 𝑎𝑛𝑑 𝑘𝑦 are the wave numbers along the x and y axis respectively, and 𝜔𝑛 is
the frequency given by (Casimir 1948):

𝜔𝑛 = √𝑘𝑥 2 + 𝑘𝑦 2 +
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𝑛2 𝜋 2
𝑎2

In this case, the plate separation is aligned along the z-axis, thus the third term. The
variable “n” is an integer to count through the possible wave numbers. The plasma
frequency is (Jackson 1975):

𝜔𝑝𝑙 = √

4𝜋𝑒 2 𝑛𝑖
𝑚𝑖

Where 𝑛𝑖 and 𝑚𝑖 are the density and mass of the particle composing the plasma, and
𝑒 2 is a constant of

ℏ𝑐

. With the assumption 𝑛𝑚𝑎𝑥 is independent of 𝑘𝑥 𝑎𝑛𝑑 𝑘𝑦 , we

137.036

get:
4𝜋𝑒 2 𝑛𝑖 𝑐𝑛𝑚𝑎𝑥 𝜋
√
=
𝑚𝑖
𝑎
A conductor with multiple charge carriers is limited by the smallest frequency. If the
insulator has a plasma frequency, then photon frequencies are limited to frequencies
above the insulator plasma frequency, with multiple charge carriers the photon
frequency is limited by the largest plasma frequency.
The Casimir energy once corrected for a finite plasma frequency, using the
plasma wavelength:
𝜆𝑝 =

2𝜋
𝜔𝑝

Gives the result of:
8𝜆𝑝 120𝜆2𝑝
𝐸
ℏ𝑐𝜋 2
=−
(1
−
+
)
𝐴
720𝑎3
3𝜋𝑎 4𝜋 2 𝑎2
This is valid so long as plasma wavelength is less than the plate separation. As the
plasma frequency decreases, the wavelength increases, forcing the Casimir energy to
approach zero.
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Chapter 2

Method

2.1. Contribution

I contributed to this research by writing the Python code, which was used to
calculate the total energies and all other necessary values. Along with writing the initial
code, I was responsible for making any of the modifications to the code, in order to test
for the effects of using different energy terms (Skyrme energy and Casimir energy), as
well as the addition of energy terms. I had to compose another code to handle the
secondary transition; this was made easier having the first code as a template. The
debugging process for both codes was the longest step of the process. In order to do
this, I had to check to ensure that the numbers were physically reasonable, and I had to
check for continuity. This meant ensuring that when going from one phase into the
mixed phase there were not any jumps in energy values. After writing the codes, I was
responsible for producing all the figures and reporting any findings.

2.2. Crust-Core Transition
We first started off trying to reproduce the results published in the 1983
Ravenhall paper, which focused on the nuclear structures inside of neutron stars. The
goal of this was to reproduce the published transition densities. This transition was
tested over the density range of 0.1 nuclear saturation density (𝑛𝑠 ), or the density inside
the nucleus, to nuclear saturation density. In the paper they define the total energy
function to be:
𝐸𝑡𝑜𝑡𝑎𝑙 = 𝐸𝑒𝑙𝑒𝑐𝑡𝑟𝑜𝑛 + 𝑢𝐸̃ (𝑛′ ) + 𝐸𝑠𝑢𝑟𝑓𝑎𝑐𝑒 + 𝐸𝑐𝑜𝑢𝑙𝑜𝑚𝑏
7

where “u” is the ratio of neutron number density to proton number density, and n’ is the
proton number density.
The electrons were treated as a fermi gas with a temperature of 0 K, thus the
energy density is given by:
𝐸𝑒𝑙𝑒𝑐𝑡𝑟𝑜𝑛 =

𝑔 𝑘𝑓
∫ 𝑑𝑘 𝑘 2 √𝑘 2 + 𝑚2
2𝜋 0

Where g is the degeneracy of the electron states. When evaluated gives:
𝐸𝑒𝑙𝑒𝑐𝑡𝑟𝑜𝑛 =

ℏ𝑐 1
1
1
[( 𝑘𝑓 (2𝑘𝑓2 + 𝑚𝑒2 )√𝑘𝑓2 + 𝑚𝑒2 ) − 𝑚𝑒4 log (𝑘𝑓 + √𝑘𝑓2 + 𝑚𝑒2 ) + 𝑚𝑒4 log(𝑚𝑒 )]
2𝜋 8
8
8

with kf being the Fermi momentum and 𝑚𝑒 is the mass of an electron.
The bulk energy is the energy of neutrons and protons being closely bound to
one another, and was found by using (Ravenhall 1983):
̃0 +
𝐸̃ (𝑛′ ) = 𝑛′ [𝐸

𝐾𝑠
𝑛 2
(1 − ) ]
18
𝑛𝑠

̃0 is the binding energy per baryon, this was held constant at -11.4 MeV and Ks
where 𝐸
is the compressibility parameter, which was set to equal 291 MeV.
The surface energy is the energy required to hold the particles in the droplet
together, as such it is highly dependent on the size and shape. The energy density is
given, in a generalized form, by (Ravenhall 1983):
𝐸𝑠𝑢𝑟𝑓𝑎𝑐𝑒 =

𝑢𝜎𝑑
𝑟

where 𝜎 = 0.74 𝑀𝑒𝑉 𝑓𝑚−2, and “r” is the radius of the droplet or nucleus. The variable
“d” is for the varying dimensionality of the pasta structure, thus accounting for the phase
transitions. The trend of the radius of the droplet was checked, along with the radius of
the cells, following a similar approach as Wigner-Seitz cells (Ravenhall 1983). This
“Wigner-Seitz” approximation created cells of radius, 𝑟𝑐 , in which there is only one nuclei
that also maximizes the available volume per cell, as depicted in Figure 2.1. Where r
and 𝑟𝑐 are related by the equation (Ravenhall 1983):
𝑟 𝑑
𝑢=( )
𝑟𝑐
8

The transition between the pasta phases, 𝑟 < 𝑟𝑐 , to the anti-pasta phases, 𝑟 > 𝑟𝑐 ,
occurs when the radius of the droplet becomes larger than the radius of the cell. This is
the first of the two terms with a dependence on the dimensionality, from their
dependence on shape.

Figure 2.1: Depiction of a Wigner-Seitz cell for a triangular in 2D. (Hahn 2002)

The Coulomb energy is classically defined as the energy required to assemble a
collection of charged objects and is given by (Ravenhall 1983):
𝐸𝑐𝑜𝑢𝑙𝑜𝑚𝑏 = 2𝜋𝑛′2 𝑥 2 𝑒 2 𝑟 2 𝑢𝑓𝑑 (𝑢)
where “x” is the proton fraction, and fd(u) is (Ravenhall 1983):
𝑓𝑑 (𝑢) =

1
2
1
[
(1 − 𝑑𝑢1−2/𝑑 ) + 𝑢]
𝑑+2 𝑑−2
2

In order to account for the change from the pasta to anti-pasta phases, u had to be
replaced with 1-u. By doing this it also ensured symmetry around the center density of
roughly 0.5 𝑛𝑠 . For the 2D case, the limit of 𝑓𝑑 (𝑢) as d approaches two results in the
appropriate solution. The transition densities between dimensionalities were found by
evaluating the total energy function for both values of “d”, then subtracting them from
one another. The points where the resultant crossed the x-axis were the transition
points between dimensionalities.

9

Once we were able to obtain the proper transitions between each dimensionality,
we began to look at how the results would change when different models were used or
with the addition of Casimir energy. The first change we tried was changing the bulk
energy density equation out for the Skyrme model. This model was introduced by
Skyrme as a possible force for Hartree-Fock calculations on the forces between
particles in the nucleus (Stone 2006). The model is comprised of both a two-body and
three-body term, taking into account the spins, orbits, and kinetic energy of both
particles (Stone, 2006). The Skyrme model makes use of the spin-exchange operator
and Pauli spin matrices to model short range interactions (Vautherin 1972). This model
tends to be a more accurate description of baryon interaction. The Skyrme energy
density is given by (Skyrme, 1958):
𝐸𝑠𝑘𝑦𝑟𝑚𝑒 =

ℏ𝑐
ℏ𝑐
𝑡1
𝑥1
𝑡2
𝑥2
𝜏𝑛 +
𝜏𝑝 + 𝑛(𝜏𝑛 + 𝜏𝑝 ) [ (1 + ) + (1 + )]
2𝑚𝑛
2𝑚𝑝
4
2
4
2
𝑡2 1
𝑡1 1
+ (𝑛𝑛 𝜏𝑛 + 𝑛𝑝 𝜏𝑝 ) [ ( + 𝑥2 ) − ( + 𝑥1 )]
4 2
4 2
𝑡0
𝑥0
𝑥0
+ [(1 + ) 𝑛2 − (1 + ) (𝑛𝑛2 + 𝑛𝑝2 )]
2
2
2
𝑡3
𝑥3
𝑥3
+ [(1 + ) 𝑛2 − (1 + ) (𝑛𝑛2 + 𝑛𝑝2 )] 𝑛𝜀
12
2
2

The masses of neutrons and protons were given by 𝑚𝑛 and 𝑚𝑝 , respectively, with their
densities being denoted as 𝑛𝑛 and 𝑛𝑝 . The total density of baryons is n. 𝜏𝑛 𝑎𝑛𝑑 𝜏𝑝 are
the kinetic energy terms found by:
5
𝑘𝑓,𝑖
𝜏𝑖 = 2
5𝜋

The parameters used in the code are given in Table 2.1. The last term is the density
dependent multi-body force, while the other terms account for the two-body interaction.
The primary focus of this two-body interaction is in the s-wave and p-wave portions
(Steiner, 2005). These are the portions of the wave equation caused by the s and p
orbital (Liu, 2014)
The second change we introduced was the inclusion of the Casimir energy
density, along with testing to see how including both the Skyrme model and the Casimir
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energy would affect the total energy.

2.3. Quark-Hadron Transition

We first constructed a total energy function to account for all of the known
interactions at this secondary transition, using the setup used for the crust-core
transition as a starting point. This resulted in:

Table 2.1: Skyrme model parameters (Steiner, 2005)
Variable

Value

𝑡0

-2719.7

𝑡1

417.64

𝑡2

-66.687

𝑡3

15042

𝑥0

0.16154

𝑥1

-0.047986

𝑥2

0.027170

𝑥3

0.13611

𝜀

0.14416

Note: All units such that the energy density has the units of 𝑀𝑒𝑉 𝑓𝑚−3

𝐸𝑡𝑜𝑡𝑎𝑙 = 𝐸𝑒𝑙𝑒𝑐𝑡𝑟𝑜𝑛𝑠 + 𝜒𝐸𝑠𝑘𝑦𝑟𝑚𝑒 + (1 − 𝜒)𝐸𝑞𝑢𝑎𝑟𝑘𝑠 + 𝐸𝑠𝑢𝑟𝑓𝑎𝑐𝑒 + 𝐸𝑐𝑜𝑢𝑙𝑢𝑚𝑏
Where chi was introduced from using Gibbs’ phase rules:
𝐹 =2+𝑁−𝜋
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In which N is the number of substances, for a pure substance N=1, and pi is the number
of phases, for this case 𝜋 = 2. The result value of F gives the total number of
independent variables between the phases; for this case, there was only one
independent variable. Chi is the volumetric density of hadronic matter. This is also
beneficial due to the pressure, temperature, and chemical potentials all remaining
constant across the phase transition. The rest of the baryonic matter is accounted for
with the inclusion or the electron energy density. Making the approximation that the
electron chemical potential, 𝜇𝑒 , is much less than the quark chemical potential, 𝜇𝑞 , the
quark energy density was found using:
𝐸𝑞𝑢𝑎𝑟𝑘 = −𝑃𝑞𝑢𝑎𝑟𝑘𝑠 + 𝜇𝑞 𝑛𝑞 − 𝜇𝑒 𝑛𝑞𝑐ℎ
where the quark pressure was defined to be (Alford, 2012):
𝑃𝑞𝑢𝑎𝑟𝑘

9𝜇𝑞4
𝑚𝑠2 𝜇𝑞 𝜇𝑒 𝜇𝑞2 𝜇𝑒2
=
−𝐵−
+ 2
12𝜋 2
2𝜋 2
𝜋

This is a second order expansion of the equation of state, which ignores the pressure
from electrons. (Alford, 2006). The bag pressure, B, was found by setting the quark
pressure equal to the Skyrme pressure:
𝑃𝑞𝑢𝑎𝑟𝑘 = 𝑃𝑠𝑘𝑦𝑟𝑚𝑒 = −𝐸𝑠𝑘𝑦𝑟𝑚𝑒 + 𝜇𝑛 𝑛𝑛 + 𝜇𝑝 𝑛𝑝
Then solving for the bag pressure when the baryon density was equal to 0.32 fm -3, twice
the saturation density. At this density, the maximum amount of quark matter would be
available for the mixed phase. Several assumptions were made when using this quark
model: there is a lattice composed of Wigner-Seitz cells in the plasma that are spherical
in shape, the Poisson equation using a Thomas-Fermi approach, there is a sharp
boundary with surface tension between the quark matter and vacuum, the solution
avoids the “swiss cheese” phase (the phase in which the quark matter is along the outer
edge of the Wigner-Seitz cell and a cavity in the center of the cell), and a temperature of
0 K. The quark number density was (Alford, 2012):
𝑛𝑞 =

𝜕𝑃𝑞𝑢𝑎𝑟𝑘
𝜕𝜇𝑞𝑢𝑎𝑟𝑘
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and the quark charge density can be written as (Alford, 2012):
𝑛𝑞𝑐ℎ = −

𝜕𝑃𝑞𝑢𝑎𝑟𝑘
𝜕𝜇𝑒

The drops of nuclear matter have a surface energy contribution which results from their
shape and size, defined as (Ravenhall, 1983):
𝐸𝑠𝑢𝑟𝑓𝑎𝑐𝑒 =

𝑑(1 − 𝜒)𝜎
𝑟

where sigma was set to equal 1 MeV fm-2. The Coulomb energy density could be found
one of two ways. The first was dividing the surface energy by two, and the second was
(Ravenhall, 1983):
2

𝐸𝑐𝑜𝑢𝑙𝑜𝑚𝑏 = 2𝜋(𝑛𝑝 − 𝑛𝑞𝑐ℎ ) 𝑒 2 𝑟 2 (1 − 𝜒)𝑓𝑑 (𝑥)
The variable “x” was defined to be equal to chi when 𝜒 < 0.5, and (1- 𝜒) 𝑤ℎ𝑒𝑛 𝜒 > 0.5.
Both the Coulomb and surface energy densities are size and shape dependent as seen
through the inclusion of both radius ( r ) and dimensionality (d). It is the dimensionality
term that is adjusted to look for the changing pasta phases, starting at d=3 and
decreasing by intervals of one till d=-3 is reached. Next, we minimized the total energy
function with respect to neutron density, proton density, and droplet radii. This allowed
for the exploration of dimensionality, to determine which pasta phase would allow the
lowest energy level. Once this was done for the original total energy function, a Casimir
energy term was added, in the hope of seeing a change in the transitions of pasta
phases. Thus, the final energy equation is:
𝐸𝑡𝑜𝑡𝑎𝑙 = 𝐸𝑒𝑙𝑒𝑐𝑡𝑟𝑜𝑛𝑠 + 𝜒𝐸𝑠𝑘𝑦𝑟𝑚𝑒 + (1 − 𝜒)𝐸𝑞𝑢𝑎𝑟𝑘𝑠 + 𝐸𝑠𝑢𝑟𝑓𝑎𝑐𝑒 + 𝐸𝑐𝑜𝑢𝑙𝑢𝑚𝑏 + 𝐸𝑐𝑎𝑠𝑖𝑚𝑖𝑟

2.4. Observations

Observational astronomers would be able to help verify, or rule out, an energy
model for neutron stars based on neutrino observations. During early formation of the
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neutron star, the nuclear droplets act as a scattering mechanism for neutrinos (Reddy
2000). Thus resulting in a drop in the neutrino signal from the star, due to the neutrinos
being forced into different directions. There is also a decrease in the mean free path of
neutrinos in the presence of quark matter. When compared to neutron matter this
reduction can be one or two orders of magnitude. The presence of first order transitions
can result in noticeable changes in the neutrino light curve (Reddy 200).
The quark-hadron transition effects the emissivity, or the ability for a substance to
emit energy, of neutrinos, with the emissivity increasing as the transition moves towards
quark matter (Spinella 2016). This increase in emissivity would result in a higher
neutrino signal from the neutron star, due to the neutrinos being able to emit more
energy. Figure 2.2 shows the emissivity along the transition, with the quark phase
starting at

𝑉𝑄
𝑉

= 0 and the hadronic phase existing at

𝑉𝑄
𝑉

= 1.

Figure 2.2: Emissivity of Neutrinos along the quark-hadron transition (Spinella 2016)

The other observable effect the phase transition can cause is an alteration in the
spin of the neutron star. It is theorized that the pasta structures allow for irregularities in
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the spin of the core to be transferred easier towards the outside of the neutron star.
These alterations can be seen in both the braking index and the spin-down age. The
spin rate of a neutron star can be measured, as well as the rate of change in the spin.
This can be modeled as:
𝑑Ω
𝑑𝑡

= −𝐾Ω𝑛

Where Ω is the spin rate, n is the braking index, and K is a constant set from fitting the
model. Energy loss from magnetic dipole radiation alone results in a braking index of
n=3 (Weber 1999). However, with the inclusion of the phase transitions as another
means for the radiation of energy, this value of n can change. A change in the braking
index can result in a change in the spin rate of change,

𝑑Ω
𝑑𝑡

𝑜𝑟 Ω̇. This would cause the

spin-down age to also change, where spin-down age, 𝜏, is calculated by (Weber 1999):

𝜏=−

1 Ω
𝑛−1 Ω̇
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Chapter 3

Results

3.1. Crust-Core Transition

The effects of each change made to the total energy function, as well as
observing the shifts in the transitions of the nuclear pasta can easily be observed in
Figure 3.1 and Figure 3.2. In these figures, the differences of the total energies are
plotted against the neutron density.
As mentioned before, the transition densities are found from where the function
crosses the x-axis. The Skyrme model made a large impact on these points due to it
shifting the total energy function upwards. This means higher dimensionalities are
favored over lower dimensionalities. This is most noticeable in Figure 3.1, in which the
d=1 phase vanishes with the use of the Skyrme model.
Due to electrons being found through the crust-core transition on both sides of
the transition, the plates are transparent to the virtual photons. Thus resulting in the
absence of the appropriate conditions for the Casimir Effect. Also, numerically the
photon frequency would have to be larger than the electron frequency and smaller than
the proton frequency. However, with the photon frequency being mass dependent, the
difference of electron and proton masses causes these regimes to not overlap. As an
example, over the densities which I evaluated the electron plasma frequency was 10.4
rad Hz and the proton plasma frequency was 0.4 rad Hz.
For the secondary transition, I was not able to get the code to a point where I
could fully explore the resulting effects of the total energies. However, I was able to test
to see if there was evidence of the pasta structures at the secondary transition. As seen
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in Figures 3.3, 3.4, and 3.5, the radius of the nuclear droplet increases as the density
increases, and at a certain density, the radius begins to decrease. This is evidence of
the symmetrical pattern of the pasta and anti-pasta structures. This increase and
symmetry are visible for all values of dimensionality; this supports the existence of pasta
phases at this transition. The plasma frequencies at this transition though do support
the possibility of the Casimir effect. At a baryon density of 0.719 𝑓𝑚−3, the electron
plasma frequency was 4.608 rad Hz and the quark plasma frequency was 5.533 rad Hz.
So there is a small regime that does allow for an overlap.

Figure 3.1: Energy differences for d=2 and d=1

Figure 3.2: Energy differences for d=3 and d=2
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Figure 3.3: Radii for d=3

Figure 3.4: Radii for d=2
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Figure 3.5: Radii for d=1
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Chapter 4

Conclusions

We have studied the effects of the addition of the Casimir energy to one model of
the total energy function for inside a neutron star, as well as the effects of replacing the
previously used bulk energy function with the Skyrme model. While also studying the
effects it has on the phase transitions for nuclear pasta. The use of the Skyrme model
resulted in an overall increase in the total energy, causing the total energy function to
favor higher values of “d”. This also caused the d=1 phase to vanish. We found that
while numerically the Casimir energy had a tiny correction to the total energy, the
environment was not suitable for sustaining the required reflective nature between the
parallel conducting plates. This was due to the plates being transparent within the
regime of plasma frequencies in which the electrons existed. However, we hope that the
second transition of hadrons to quarks deeper in the neutron star will be a good
candidate for the inclusion of the Casimir Effect.
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